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1 Introduction and Summary of Results 


Some time ago [1], super-membranes in D space-time dimensions were related to sn- 
persymmetric matrix models where, in a Hamiltonian light-cone formulation, the D — 2 
transverse space coordinates appear as non-commnting matrices [2], 

It has been proven in [3] that the mass spectrum of any one of these matrix models, 
which is given by the (energy) spectrnm of some supersymmetric quantum-mechanical 
Hamilton operator [4], hlls the positive half-axis of the real line. This property of the 
mass spectrnm in snper-membrane models is in contrast to the properties of mass spectra 
in bosonic membrane matrix models [2] which are pnrely discrete; see [5]. One of the 
important open questions concerning snper-membrane matrix models is whether they 
have a normalizable zero-mass ground state. Snch states would describe multiplets of 
zero-mass one-particle states, inclnding the gravitation; (see [1]). A new interpretation 
of the mass spectrnm of snper-membrane matrix models (in terms of mnlti-membrane 
conhgnrations) has been proposed in [6]. 

A hrst step towards answering the qnestion of whether there are normalizable zero- 
mass gronnd states in snper-membrane matrix models has been nndertaken in [1]. In 
this note, we continne the line of thonght described in [7] and show that, in the simplest 
matrix model, a normalizable zero-mass gronnd state does not exist. 

Let us recall the dehnition of super-membrane matrix models. The conhgnration space 
of the bosonic degrees of freedom in snch models consists of D —2 copies of the Lie-algebra 
of SU{N), for some N < cx), where D is the dimension of space-time, with D = 4,5, 7, 11. 
A point in this conhgnration space is denoted by A = {Xj) with 

A, = XfTA, j = l,---,D-2, (1.1) 

A=1 

where {Ta} is a basis of su{N), the Lie algebra of SU{N). In order to describe the 
quantnm-mechanical dynamics of these degrees of freedom, we make use of the Heisen¬ 
berg algebra generated by the conhgnration space coordinates X^ and the canonically 
conjngate momenta satisfying canonical commntation relations 

\Xf, Xi] = [P/, P®] = 0, (1.2) 

[Xf, P®] = 

To describe the qnantnm dynamics of the fermionic degrees of freedom, we make use 
of the Clihord algebra with generators A = 1, ■ ■ ■, — 1, a = 1, ■ ■ ■ ,2 , and 

commntation relations 

{el e^} = Sof . (1.3) 
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The generators 0^ can be expressed in terms of fermionic creation- and annihilation 
operators: 


0^ — 
^2a-l — 




V2 


r.A _ Ct) 

^2a. — 




(1.4) 


with {h^y = a = 1, • • •, i 2[^2^], and 


cf} = 0, 

[bt, cf} = 5-^ 


s:AB 


(1.5) 


The Hilbert space, 7i, of state vectors (in the Schrodinger representation) is a direct sum 
of subspaces Tik, /c = 0, • • •, K ■= {N‘^ ~ 1) | 2[^“] . A vector T G T-f^ is given by 

«' = Z (1.6) 

fc =0 

where X = {Xf], j = 1, ■ ■ ■, D — 2, A = 1, ■ ■ ■, N'^ — 1. We require that 

T = 0, for all T G Tfo • (1-7) 


The scalar product of two vectors, T and <l>, in Ti is given by 

1 n Q! 1 ■ • • a j- V -A 


(1.8) 


fc =0 


^i"-“fc i,A 
Al-Ak 


The Hilbert space Ti carries unitary representations of the groups SU{N) and SO{D — 2). 
Let denote the subspace of H carrying the trivial representation of SU{N). 

One can dehne supercharges, Qa and a = 1, • • ■, ^ 2^~^\ with the properties 
that, on the subspace 


{Qa-i Qp} 


H(0) 


{<?i, Q, 


H(0) 


= 0, 


and 


Qa) Q 


H(0) 


= So^p H 


n(o) 


(1.9) 


( 1 . 10 ) 


where H = M^, and M is the mass operator of the super-membrane matrix model. 

Precise dehnitions of the supercharges and of the operator H can be found in [1] 
(formulas (4.7) through (4.12)). In [3] it is shown that the spectrum of H |.^(o) consists of 
the positive half-axis [0, cx)). The problem addressed in this note is to determine whether 
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O is an eigenvalue of H corresponding to a normalizable eigenvector d'o G Using 

eqs. (1.9) and (1.10), one can show that 'I'o must be a solution of the equations 

Qa'h = Qq'I' = 0, for some a, 'h G Ti® . (1.11) 


If eqs. (1.11) have a solution, d'o = a = ao, they have a solution for all values 

of a, (by SO{D — 2) covariance). The problem to determine whether eqs. (1.11) have a 
solution, or not, can be understood as a problem about the cohomology groups determined 
by the supercharges Qa- We define 


n+ := ® n 

l>0 

We dehne the cohomology groups 


( 0 ) 
21 ) 


n 


© n 

l>0 


( 0 ) 

21+1 ■ 


:= {T G I ^ = 0} / {t I T = G } , 

a = ±1. If is non-trivial, for some a and some a, then eqs. (1.11) have a solution. 


2 The (D = 4, = 2) model 


The goal of this note is a very modest one: We show that, for D = A and N = 2, 
eqs. (1.11) do not have any normalizable solutions. Our proof is not conceptual; it relies 
on explicit calculations and estimates and does therefore not extend to the general case 
in any straightforward way. 

When D = A and N = 2 we use the following notations: 


q, := (X;,X|,X|), j = l,2, 

A = (A\A^A^) := {bl, bl, bl) , 


( 2 . 1 ) 


and 


A 

dX 


A A A] .= (,■ cO 

9A1’ 9A2’ dX^ I ' ^ ’ 


a = 1. The operators representing the generators of su{2) on Ti. are given by 

d 


L = -i A Vi + ^2 A V 2 + A A— 

V dX 

The supercharges are given by (see [1], eq. (4.20)) 

Q = fVi-fV 2 ) ■ — + iq- A, 
^ ^ dX 


and 


= - ( Vi + i V 2 ) ■ X - iq 


A 


( 2 . 2 ) 


(2.3) 
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where 

q = qiAq 2 , (2.4) 

and A denotes the vector prodnct. We then have that 


= (qi-in) ■ L, = {qi + iq2) ■ 

L, 


and 



H = {g, gt} . 


(2.5) 

A vector 4/ G 7-f+ can be written as 



4/ = + 



= ^ ^ ^ABC A^ . 


(2.6) 

For T G 7-f® (i.e., T G 7i+ with LT = 0), eqs. (1.11) imply the following system 

Oof 

hrst-order differential equations: 



iq'il) = {Vi-Alp , 


(2.7) 

q ■ p) = 0 , 


(2.8) 

and 



^Vi+iV2j tp = iqAip, 


(2.9) 

^Vi + iV2^ ■ pj = 0 . 


(2.10) 

Moreover, the equation L4/ = 0 yields 



A Vi + (f2 A V2j 'Ip = 0 , 


(2.11) 

(^qi AVi+^AV2^^ 'IpB + ^ABC t/’c = 0 , 

y A, B . 

(2.12) 


It is straightforward to verify that, for 4/ G eqs. (1-11) imply a system of equation 

equivalent to (2.7) through (2.12). This can be interpreted as a consequence of Poincare 
duality. 

The formal expression for the Hamiltonian H = is given by 

H = Hb + Hf , (2.13) 

where 

Hb = -Vl - Vl + q^ 
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and 

Hf = {qi + iq2) ■ (a A a) - (gi - ig2) ■ (A) . (2.14) 

^ ^ \d\ d\/ 

As shown in [5], the spectrum of Hb is discrete, with 

inf spec Hb = Eq > {) . (2-15) 

The representation of the group SO{D — 2) ~ (D = 4) on H is generated by the 

operator 

1 d 

J = -i {qi ■ ^2 - q 2 ■ Vi) - - A ■ ^ . (2.16) 

^ ^ ^ oX 

While J does not commute with Q oi Q\ it does commute with QQ^ and and hence 
with H. It is therefore sufficient to look for solutions of eqs. (2.7) through (2.12) trans¬ 
forming under an irreducible representation of U{1), i.e. solutions that are eigenvectors 
of J corresponding to eigenvalues j G 1 Z . The spectrum of the restriction of J to the 
subspace 7i+ is the integers, while spec (j |.^ 'j consists of half-integers. 


3 Analysis of equations (*) 

In this section, we assume that QT = = 0 has a solution 4/ G and then show 

that 4/ = 0. 

The assumption that (^4/ = (5^4/ = 0 implies that 

(QT,gT) + (gt^,Qt^) = 0 . (3.1) 

Let ^ := (^ 1 ,^ 2 ) £ Let gn{0 = fi'n(l'^l), = 1,2,3, • • •, be a function on M® 

only depending on |g := \/qi + q^ with the properties that Qn is smooth, monotonic 
decreasing, ^„(|^|) = 1, for \^\ < n, fi-nd^l) = 0 for \^\ > 3n, and |(^ Qn) (t)| < L . Let 
^A:(0) ^ = 1; 2, 3, • • •, be an approximate A-function at (^ = 0 with the properties that hk 
is smooth, hk > 0, I hkiOd^C = 1, and 

supp/ifc C 1^1 < A| . (3.2) 

We dehne a bounded operator, Rn,k, on H by setting 

{Rn.tl!) (e) = CJn {() j h (( - (') 4 (?') , (3.3) 

for any $ G 7i. Clearly 

s — lim Rnk^ = "h , (3.4) 

n—»oo ’ 
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for any $ G 7i. Next, we note that, for a vector $ in the domain of the operator Q, 


([g,i?„,fc]$)(0 = ln,k{0 + ^n,k{0, (3.5) 

where 

4,s (0 = ((v, - iV^) g„) (0 ■ j ht (« - ^ « (?') cPC , (3.6) 

and 

In.t ({) = ign (0 y (e - ?') («(0 - <?(?')) • A4> («') if-C . (3.7) 

The operator norm of the operators and A^, A = 1,2,3, is bounded by 1. Since 

1^ gn{t)\ < the operator norm of the multiplication operator —iV 2 ^ (■) 

is bounded above by A xhe operator norm of the convolution operator <l> (^) i—> 
/ hn (^ — ^0 <h (^0 is equal to 1. This implies 

114,fell < - 4^$ < - ||$|| . (3.8) 

n dX n 

Next, we note that, for ^ in the support of the function 

Tti 

hk{^-a{Q{0-Q{0) < ■ 

Thus, for A: > n 

21 

114,fell < - ||$|| . (3.9) 

n 

In conclusion 

40 

\\[Q.RnA <h|| < - ||$|| , (3.10) 

T)j 

for k > n. 

A similar chain of arguments shows that, for $ in the domain of Ql, 

40 

II [Q\Rn,k] <h|| < — ll^ll , (3.11) 

TX 

for k > n. 

Next, we suppose that 4/ solves (3.1). We claim that, given e > 0, there is some hnite 
n{e) such that, for 4/^ ^ := , 

ll^ll > ||4,fc|| > (1-411^11 , (3.12) 

and 

{Q^n,k,Q^n,k) + {Q^^n,k,Q^^n,k) < , (3.13) 

for all /c > n > n{e). Inequality (3.12) follows directly from (3.4) and the fact that the 
operator norm of Rn^k is = 1. To prove (3.13), we note that, for k > n, 

{Q*^n,k,Q*^n,k) = {[Q*,Rn,k]'^,[Q*^Rn,k]'^) < (^) ’ (3-14) 
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where = Q oi . This follows from the equations = 0 and inequalities 

(3.10) and (3.11). 

We now observe that, by the dehnition of Rn,k, = Rn,k'^ is a smooth function 
of compact support in M®, for all n < k < oo. It therefore belongs to the domain of 
dehnition of the operators Q and Ql Q. Thus, for all n < k < oo, 

{Q^n,k,Q^n,k) + {Q^^n,k,Q^'^n,k) 

= {^n,k,{Q,Q^} (3.15) 

= ('hn,fc, hfs'hn.fc) + {'l^n,k, HF'^n,k) , 


where Hb and Hp are given in eq. (2.14), (and it is obvious from (2.14) that belongs 
to the domains of dehnition of Hb and Hp). 

As proven in [5], 

{^,Hb^) > Eo\m\ (3.16) 

for some strictly positive constant Eq (= inf spec Hb), for all vectors <l> in the domain of 
Hb- Thus, for k > n> n{e), and using (3.13), we have that 


ell'hf > {^n,k,HB'^n,k) + hfFd'ny) 

> (1 ~ Hp'lln,k) ■ (3-17) 

Our next task is to analyze (d'ny, Hp'l/n,k)- If = (v?, 0) G H+ belongs to the domain 

of dehnition of then 

{^,Hp^) = 2 j ^ {qi-tq2)-0{O + c.c. (3.18) 

Note that := lim where = Rn,k'l^ and T solves (3.1), belongs to the 

domain of dehnition of Hp. Since 4/ = (^,0^ solves the equations = 0, see 

(3.1), we can use eqs. (2.8) and (2.9) to eliminate 0: For q 0 0, we hnd that 

^ A (Vi + iV,) m (3.19) 

(recall that q = qi A cfz). Inserting (3.19) on the R.S. of (3.18), for <l> = we arrive at 
the equation 

{^n,Hp^n) = 2 J {gn0){Oiqi-^q2) 

X gniO A (Vi + ^V 2 ) 0^ (0 + c.c. (3.20) 

Let 

T := 2 {qi - iq2) ■ A (^Vi + * ^ 2 )^ . 
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Then 


{^n,HF^n) = ('hn, T + C.C. 

- j \W)\" 9n (0 [T,gn] (0 + C.C. (3.21) 


Next, we make use of the fact that T must be SU(2)-invariant. This is expressed in 
eq. (2.11), which implies that only depends on SU(2)-invariant combinations of the 
variables qi and ^ 2 , he., on 

ri ■= |gi|, r 2 := \q 2 \, x := . (3.22) 

ri r2 

Instead, we may use variables q,p and p dehned by 

:= ^ {qi + igs)^ = ^ (^1 - ^1) + iriraX, q := \qi A q 2 \ (3.23) 

with 

0<p<cx), 0 < (p < dyr, 0 < q < 00 . (3.24) 

If F is an SU(2)-invariant function then 


00 00 47 r 


F {^) = c dq dp dip 


qp 


000 


^q2 p2 


F {q,P,p) 


(3.25) 


where c is some positive constant. 
If p is SU(2)-invariant then 


, pfTW d 

Tp = c - — p , 

q a q 


(3.26) 


where d is a positive constant. 

Using (3.26) in (3.21), we hnd that 


cxD 47 r 00 


d 


= c" I dp I dp I dq p — \iJn{q,p,p) 


000 

00 47 r 00 


- c j dp j dp j dqp \'ilj{q,p,p) f ^ (2 ^/q^ + p^^ ^ , (3.27) 


000 

with c" = c.d > 0. 

By the dehnition of 

dq 


gn{2 Vq-^+p^y^ < 0 , 



pointwise. Therefore 


OO 47r 


> - C'" j dp j dipp\ijn{q = 0,P,V) 

0 0 


(3.28) 


In passing from (3.27) to (3.28), we have used that ■§^\'4’niq,P,p) P is an L^-function 
with respect to the measure p dp dp dq and that 

OO 4:77 

j dp j dp p \^pn{q,P, P) ? 

0 0 

is right-continuous at g = 0. These facts will be proven below. 

Combining eqs. (3.15), (3.17) and (3.28), we conclude that 




k^OQ 

> (1-£).Eo||T 

OO 477 

r r 

jf 


(3.29) 


- c"y dpy |^„(g = 0,p,v?) I , 

0 0 

for all n > n{e). Choosing £ sufficiently small, we conclude that either T = 0, or there 
is a constant /? > 0 such that 

OO 477 

j dp j dpp\'il)n{q = ^-,P:P)? > Id : (3.30) 

0 0 

for all sufficiently large n. 

Next, we explore the consequences of (3.30). Since T solves (3.1), we can use (3.19) 
to conclude that 


OO > llTlh = 


2 _|_ llTl|2 


{\m\" + 


Vl + ^V2j ^(01 

W 


Using that T is SU(2)-invariant and passing to the variables q,p and p, one hnds that 


OO OO 47r 

2 [ dpp [ ^ [ dp 

q 


i’w + 


0 0 0 
where '0,a; := , and 

OO OO 47r 

J dp J dq J dp 
0 0 0 


p 


+ I 1 ^ {q,p,p) < K, 


(3.31) 


pq 


+ q^ 


\i’{q:P:P)? < K, 


(3.32) 
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with K = < oo (with the constant c appearing in (3.25)). 

Inequalities (3.31) and (3.32) also hold for tjjm instead of -0, with a constant K that 
is uniform in n —cx). These inequalities prove that ^ I'lpn is an L^-function 

with respect to the measure p dp dp dq and that 

OO A.'K 


fn{q) := dp dpp\'i(jn{q,p,p)\^ 


0 0 


is right-continuous at g = 0, properties that were used in our derivation of (3.28). 
By the Schwarz inequality and (3.31), 


OO 47r OO 


dp j dp J ^ \'ipn{q,P,p)n 


0 0 0 


< 2 / dpp 


oo oo 47r 

fdq f 


dp\ijn,q {q,P, P)\‘ 


0 0 0 


oo oo 47r 


dpp qdq dp\ijn{q,p,p)[ 


0 0 0 


< K'n\ 


for some hnite constant K' ! 

To prove continuity of fn{,q) in q, we note that, for qi > q 2 , 

OO 47r qi 

\fn{qi) - fn{q 2 )\ < j dp j dp j dqp {q,P, 

0 0 52 

with tends to 0, as (gi — g 2 ) —^ 0, because ^ I'lfjn {q,P, p)'^ is an L^-function. 

Next, we make use of the SO{D — 2) ~ U{1) symmetry with generator J given in 
eq. (2.16). We have noted below (2.16) that J commutes with QQ^ and and hence 
that T G can be chosen to be an eigenvector of J corresponding to some eigenvalue 
m G Z. In the variables g,p, p, 


Hence we may write 


d = ■ 

op 


ij{q,p,p) = e* 2 0(g,p), 


(3.33) 


for some function (p independent of p. Eqs. (3.31) and (3.32) then simply 


OO OO 


+ 10,^0 {q,p) < oo 


(3.34) 
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and 


OO 


OO 


J dp J dq 
0 0 


pOq 


^p2 q2 


\(t){q,p)\^ < OO, 


(3.35) 


where a = m + 1. Furthermore, inequality (3.30), in the limit as n ^ oo, yields 


dpp^ 10 (g = 0,p)| > 


2 . 0 


An 


(3.36) 


Let /at := . Then inequality (3.34) implies that there exists a set hi C [0, oo) with 


the property that hi fl [0, 5] has Lebesgue measures |, for any h > 0, and such that 


N 


|a| 


dp\(t),p{q,p)\^ < Ks 


(3.37) 


for some constant Ks independent of N and all g G H [0, 5]. Moreover, 


lim / dp\(p,p{q,p)\ = 0, 


(3.38) 


for all N. It follows that, for g G fl [0, 5] , pi,P 2 G In, N < oo, 


l0(g,Ti) - 0(g,P2)| = \pi-P2\ 


P2 


dp 


\Pi - P2 


■(P,p {q,p) 


Pi 


< \pi-P2\^'^{n\^^Ks) 


1/2 


(3.39) 


Thus, for g G n [0,h] and pi,P 2 G In, 4>{.q,p) is uniformly Holder-continuous with 
exponent |. Thus 0o(p) := lim0(g,p) is uniformly continuous in p G In, for all N < oo, 

^ q^O 

qGfl 

and it then follows from (3.38) that 


00 (p) = 00 = const. 


(3.40) 


Inequality (3.36) then implies that |0o| must be positive! Without loss of generality, we 
may then assume that 0o > 0. 

Thus the function 0 introduced in (3.33) has the following properties 


(^) 

lim 0(g,p) 

A 

O 

0 


qGfl 



(B) 

OO OO 

dp dq 

qpa 

|0(g,p)|^ < oo 

J J 

0 0 

OO OO 

a/p^ + g^ 

(C) 

J dp J dq 

y (I0,p(g,15)|^ + |0,q(g,p)|^) < oo 


0 0 
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We now show that such a function (p {q,p) does not exist. 

Let us hrst consider the case a > 0. We choose an arbitrary, but hxed p G (0, cx)). 
Using the Schwarz inequality, we hud that, for 0 < go < cxd. 


<?0 

j ^\(p,q{q,p)f > 

0 


> 


> 


<?o 

— [ dq\(p,‘^ {q,p)f 

qo J 

0 



(3.41) 


where q*{p) G [0, go] is the point at which \<p{q,p)\ takes its minimum in the interval [0, go]. 
Note that (p{q,p) is continuous in g G [0,go], for almost every p G [0,cx)). The R.S. of 
(3.41) is equal to 

qo 

Thus 

2 

(4|x(p)-.^„|) < (3.42) 

\qo J J q 

0 

where x{p) = 4>{q*{p)iP)- By property (C), 

oo qo 

J dpp'^ J —\(j),q{q,p)\^ < e(go), 

0 0 


for some hnite e(go), will e(go) —^ 0, as go —0. Hence 


j dpp'^ \x{p) - (pof < qle (go). 

0 


We dehne a subset Ms C [0, cx)) by 


Then 


Ms 



\x{p)\ < (('o - <5} • 


j dp p'^ < ^ j dp p^\x{p) - (pof < 

Ms 0 


(3.43) 


(3.44) 
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By property (B), 


oo > J J 

0 0 

oo qo 


/p^ + 




> dp dq -^— \(t){q,p)\^ 

J J p + qo 

0 <? 0/2 

go 

/ r 20^0 

dp / dq^^\(j){q,p)f 

J p + qo 

go/2 


> / dp 


P + qo 


It follows that 


P + qo 


+ / dp - < — / hpp" + / dp - < cx) . 


P + qo qo 


p + qo 


This is a contradiction, since Ms U = [0, cx)), and / dp^:^ diverges. 
Next, we consider the case a < — 1. We change variables, k 

, I d 2 <9 

k^ op ok 

Then conditions (A) - (C) take the form 

(A') lim (J) (q, k) = (po > 0 

q^O 

qen 


{B') dk dq — = \(p{q,k)f < oo 

I I + 


{C) j dk j dq{k'^\(p,k{q,k)f + \(j),q{q,k)f) < oo, 
0 0 

where 7 := —a > 0 . 

Repeating the same arguments as above, we get again 


\x{k) - (/)o| < — \(p,q{q,k)f , 


(3.45) 


where x{k) is the value of 0(g, k) at the minimum of \(j){q, k)\, for q E [0, go]- By (C’), 


dk / dq - \(f),q{q,k)f < e'(go) < cx, 

J q 


0 0 
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with e'{qo) 0, as go 0. Hence 


j dkk^ ^\x{k)-<Pof < qle'{qo)- 

0 


Let Ls C [0, cx)) be the set dehned by 





\x{k)\ < (/'o - ^} • 


Then we have that 

OO 

j dk k-'-^ < ^ lx(*:) - M" < 

Ls 0 


Condition (B’) implies that 


OO > 


> 


> 


> 


OO 


OO 


J dk 
0 


/ 


T-^ \<P{q^k)f 

k + d 



go/2 

i + «0 


\(p{q, k)f 


go /2 

1 + A: go 


{<Po - Sf 




l + k qo 


Combining (3.47) and (3.48) we hnd that 

Ls L-, 

If f ui-i 

< — dk k'^~‘^ + dk -;— < OO . 

qo J J l + kqo 

Ls L- 


(3.46) 


(3.47) 


(3.48) 


This is a contradiction, because U = [0, cx)) and / dk diverges for 7 > 1. 

This completes the proof that functions satisfying properties (A), (B) and (C) do not 
exist. 

We have thus proven that eq.(3.1) only has the trivial solution 4/ = 0. 
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